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TAKE~OFF AND PROPELLER THRUST*

By Martin Schrenk
1. INTRODUCTION

Since the fifty-ninth report of the D.V.L, (Deutsche
Versuchsanstalt ;ur Luftfahrt) (reference 1) no further
German treatises on the take-off distance have appeared.
Still that fundamental and meritorious work 1s incomplete
and unsatisfactory in many respects,

In the calculation of the ground run the practical
engineer is disturbed by the disproportionality between
the complexity of the fundamental formula and the uncer-
tainty of the assumptions, especially as regards the pro-
peller thrust. Blenk develops an approximation formula,
whose degree of accuracy is difficult to ascertain and
which he himself designates-as useful only for purposes
of comparison. -

This defect can be remedied by the development of an
extremely simple and yet accurate formula, which makes it
possible to ascertain simultaneously and directly the ef-
fect of the determinative quantities on the ground run
and the effect of alterations. It is derived from the di-
agram of forces after deducting the friction of the ground
and the reslstance of the air. The assumption of the pro-~
portional decrease in the propeller thrust with the dynam-
ic pressure, which is indispensable for every calculation,
should be verified by comparison with propeller-model
tests, This leads almost necessarily to the use of a non-
dimensional thrust formula derived for the purpose, which
can also serve well for other aviation purposes. These
wider relations, however, 'can be treated only by way of
suggestion, corresponding to the scope of the present
work, '

»1Abflug und Schraubenschub." 2,F,M,, November 14, 1932,
Pp. 629-639, ' '
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Moreover, in the above~mentioned work, the actual
flight path after the take-off was replaced by a broken
line, with an arbitrary assumption (best criterion of
climb) for the flight condition in climbing. Aside from
the fact that the steepest climb does not take place with
the best criterion of climb, the disregard of the transi-
tion arc before the c¢limb is accompanied by consideradle
uncertainty, We will endeavor to calculate this arc, at
least approximately. :

As a result of the work, it is endeavored %to obtain,
along with the truest possible comprehension of the course
of the thrust, a2 complete, simple and clear formula for
the whole take—~off distance up to & certain altituds,
which shall give the correct relative weight to all the
factors,

II. NOTATION
The notation is the same as in my previous wbrk, with
the addition of the following symbols: (Reference 2.)
P, accelerating force.
R, ground frigtion,
s, distance.
h, altitude at end of take-off distance.
r, radiué of transition arc.
by coefficient of ground friction,
®, path angle during climb.
t, figure of merit (Bendemann);
¢, 86, 2. ¥, II, nondimensional coefficients for

speed, dynamic pressure, thrust, drag, and accelerating
forces All the guantities are in homogensous units,
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ITII. DERIVATION-OF THE TAKE—OFF FORHULAS

1.:’51mp11f1ed Formulas-for the Take-Off Run

"During the ground run the airplane is. subjected to-
the propeller thrust, air resistance, and ground friction,
After deducting the last two from the propeller thrust,
the remalning force serves to accelerate the airplane,
0f course these deductions must be made vefore the forma-~
tion of the differential equation, which may be. axpected
to szmplify the solution con51derably. .

For landplanes only the take- off distancae 18 1mpor-
tant, while the time consumed doss not matter., It is
therefore-expedient to form the differential equation so
as to obtain the ground run by a single integration,

Such is the case when the energy equation, instead of the
momentum equation, is taken as the basis, The formula
then reads

. . . I
— -G-‘- . i I!?— "l";-‘:' . /J. ’
P 4d s = - a (2 J [s
or, with K
2 p’ RSN
G da '
ds' = 7 ?% (1)

Here P 1is the force available for acceleration at any
instant of the ground run,. According to Figure 1
TJYA\ W &

P=§- W - R

For the propeller thrust we choose, in agreement with Blenk,
the Aleyrac assumption of linear fall with the dynamic’
pressure. We shall see later how far this assumption is
justified, Theé air resistance and ground friction are pro-
portional to the dynamic pressure in so far as the airplane
runs at a constant angle of attack. For simplicity, it
is first assumed that the airplane runs and rises at the
same angle. of attack (1ift coefficient ¢, ). On this as-
sumption the ground run is somewhat 1ongar1than if it were
nade at a more favorable coefficient of 1ift., 1In Section
III,3 it will be shown how the shortest ground run can be
regarded, Hence, we obtain, as shown in Figure 1, a lin-
sar course of the accelerating force P over the d&ynamic
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pressure q of the form )

P =P, - Po - P,
43
Thus equation (1) becomes
‘4 q
ds =&~ |
s v P, i a
P, - L
a3
and finally, by integration,
G B :
g =2 4 1n 20 (2)

This result is really quite simple, Nevertheless formula
(2) is not yet clesar, since the two terms

are opposed and it is not immediately obviocus as to which
predominates, Hence a further simplification will be un-
dertaken,

Instead of the linear drop from Py to Py, it will
be assumed that the force

the mean accelerating force, will act uniformly dtring the
whole take-off process. Consequently, equation (1) be-
comes , :

_ G 4.
a - x & g
® ¥ TPn
and integration yields
G a, . :
5..1 - P"'—m fy' (3&)

This expression is, in fact, extremely simple and'cyear.
Its physical significance is best perceived from the fol-
lowing form
G 'vla
8, = E; r—g (Sb)



SEN—

N.A.C.A. Technical Memorgp@um_ﬁo._703 S

in which v;?/zg 48 the speed of thne airplane at the in-
stant of leaving the ground. It may therefore be said

‘that the ground run is. equal to the speed of the alrplane

at the instant of leaving the ground multiplied by the ra-
tio of the welght to the mean accelerating force.

For practical use ths ground run may also be expressed
in the following form, from which the connection with the
alrplanel!s characteristics directly proceeds,

_ee_1_ 7

BI—PmFCal'Y

(3¢)
2+ Accuracy of the Approximation Formula

The hatched area in Figure 1 contains the accelerating
forces P, which are determinative for the take-off, It
does not correspond, however, to the ground run, since the
latter was not obtained as an integral over P 4 q, but
over dq/P. The last integral denctes the area of a fig-
ure with the reciprocal acceleration forces as ordinates.
Since this figure is not a trapezoid, but is bounded ~n one
side by a curve, its area cannot be accurately expressed
by a mean ordinate Pp, and all the less so, the greater
the difference between the initial and final ordinate.

The degree of accuracy of the approximation formula
is found by comparing the accurate formula (2) with the
approximation formula (3a) at variable Po/Pl. We then
obtain, for the ratio of an assumed true mean force FPp!
(for which the formulas (3) would be exact), in addition
to the arithmetical mean R

Py + P, ¥
Py = b

2

used by us, the following formula

Py' | Po-P 2 /
m Po IJl ln P0 .
Pa

In the samé degree as Pp! Temains behind Pp, the ground
run calculated by the approximation formula (3a) is also
too small, ¥From Figure 2 it follows that the resulting
error is small, being less than 3 per cent in the important
region below PO/P1 = 2, Moreover the error is easily cor-
rected by using the error curve in Figure 2.
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. 'The accuracy of this calculation therefore depends
only on the reliability of the assumption regarding the
rectilinear fall of the propeller thrust and on the accu-
racy of the values calculated for the torque stand and
for the take—off, This matter will receive more detailed
attention farther on.,

3¢ Minimum Ground Run -~ Effect of Wind

It is now easy, with formulas (3a) and (3b), to cal~
culate also the shortest possible starting run. The
ground run is the shortest when the force P assumes its
maximum value at every instant. Prom the force diagram
it follows that this condition is directly fulfilled on
the resistance curve by the tangent from the point on the
ordinate which represents the ground friction., The gain
Y Pp is inconsiderable in most cases. However, sincs
the process of determining the maximum P, is so simple,
it is always advisable to use it,

This means that the aifplane runs with the angle of
attack corresponding to g,.. On reaching g, the pilot
pulls up to the corresposnding angle of attack and thus
lifts the airplane from the ground. In Figure 3 it is ob-
vious that the effect of this procedure is all the greater,
the smaller the ground friction in comparison with the
minimum air resistance, and the nearer q, approaches
the minimum dynamic pressure. For a short ground run, q,
is made as small as possible, but we will see later that
the minimum tatal take-off distance is greatly affected
by the transition arc and lies therefore at a somewhat
greater q;.

The effect of a head wind on the ground run’'is a
double one., A head wind of vy reduces the ground speed
required for the lift-off to v, - vg. A% the same time
the propeller efficiency is increased and the thrust cor-
respondingly reduced. The latter effect is of a subordi-
nate nature, In Figure 1 this is taken into account by
choosing the dynamic pressure gy = g v® ~as the initial

dynamic pressure instead of the origin, A somewhat small-
er value Ppy 1is thus obtained for the mean accelerating
force. . '

The reduction of the take-off . speed can be expréssed
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directly in formula (Sb) '~ The ground run in-a head wind

-thenwbecomes

DKot . adepimer ool . .

(3d)

g _ G (vl - vW)a
. Tly T me..- - 2e.

Se long as vyg® remains small in comparison with
v,2 (i.e., up to about vw/vl = 0,2), the ground run in
a head wind can be converted with sufficient accuracy to
that in still air by the formula

s -_—-___......._."!.__ - . (3Be)

in which v is the ground take-off speed (determined;
€eZe¢, by photographic measurement) plus the measured wind
velocity vg. In the region under consideration this is

Pp ® Py

It is ebvious from (34) that a weak head wind has a
relatively great effect. A wind equal to 10 per cent of
the take—-off speed, s.,g., reduces the ground run by about .

20 per cent,
4, Transition to Climb C:::"”"'

The total take-off distance up to a given altitude
h consists of three phases (fig. 4): The ground run
(¢), the transition arc (s;), and the climd . (s,).
The known formulas disregard the transitien arec, though
the consequent error, as we shall see, is not always small.

.. After .the lift-off, the pilot pulls on the control
stick and forces the airplane into an upward curve. De- .
spite the increased drag there is generally an excess
momentum which carries the airplane alcng but, .as the
slope increases, this. excess diminishes and may even be~
come negative, so that the motion is retarded. On attain-
ing the best slope for climbiang, the pilot adjusts the
elevator control in the correvpand1ng p051t10n and cortln—
ues to climb in a straight 11ne. - .

*Zooms; such as are often made in ebstacle races, are dis-
regarded here, since they have no commercial importance.
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The problem is now to develop a general differential
squation for this motion and then, by variation of the
independent variables, to determine the best form of the
transition arc, This problem is exceedingly complex, due
to the interdependence of the variables (distance, dynam-
ic pressure, air resistance). The difficulties in its
solution would be entirely disproportionate to the impor-
tance and the requisite accuracy of the calculation. -
Hence only a simple approximation is here attempted,

First of all it is assumed that the airplane, after
the take—off, describes an arc with the comstant radius
r, until it acquires the slope ¢ suitable for continu-
ous clinbing, For the moderate values of @ (cos9®P ® 1)
involved, we then have

B = @rT (4)
First arises the question regarding the ratio between the

dynamic pressure and the 1ift coefficient at constant r,
This is determined from the centripetal acceleration

Z=g(2-1)

Herefrom, with the known relations, we obtain

"il<1

o

= % (%%f - %) (= const.) (5)

It is obvious that the 1ift ceefficient at constant radius
is inversely proportional to the dynamic pressure, i.e.,
the pilot must first pull up the elevator, then let it
back a little and finally pull again stronger, in order

to describe an arc. The radial acceleration then goes
with the dynamic pressure, while the tangential accelera-
tion depends on the path forces.

Expression (5) holds good for every part of the arc, {
e.g., the upper end. There expression (5) vecomes

LA :
Y F Caz - Caa.

since is the 1ift coefficient at the end of s,
The loss ?rom the tran51t10n arc 1s proportional to r,
which has its minimum value, when

Caz = Capax

i,
g
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1

camax = Cag

Then

2 G
I'&“.'— fY F . (é)
The value of Ca is first determined from the best con-
dition for plimbfng. A smaller nay glve a better
total distance, however, since the foss in the transition
arc ‘1s smaller,

. The beginning of the arc will now be considered and'
the conditions at the beglinning (ca_2 ) and at the end
<°amax) of the arc will be combined with each other ac—

cording to formula (5)

C c '
a-z l amax . 1

.675_ - E: = 'E7f“ - E;

Fron this we obtain, by a sinple transformation, the rela-
tion between the 1ift coefficients at a constant radius
of the arc,

- t = —
Cangx Ca 933 Ca, (7)

Here ca, and cp_, ' are still entirely optional. A
niniounm value of the ground run s; 1is obtained by (3e),
when Ca, is as great as possible. According to formula
(?), howéver, we have

since otherwise cae' would be greater than camax'*

We would thus have the obvious result that the distance
8, + s, would be the smallest when the beginning and end
of the arc are flown at Capmaxe The middle portion, on
the contrary would, according to formula (5). be somewhat
‘smaller on account of the smaller cg. = | ‘é;:~w~

As to how far this is possible, depends on. the force
relations, Here it is very oprortune that the polar is
generally very flat at the nmaximum 1lift, so that it is al-~
nost always possible to fly in the vicinity of capgx in
such a way that the balance of the path forces is neutral-
ized., Appreciadle deviations can occur ‘only with airplanes
of eICeptienally large or small excess power. In future

*The effect ofrthe rate of change of thé‘aﬁgle of attack
on the maximum 1ift is disregarded,
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we will therefore ‘base our calculatlons on ‘the folloW1ng
assumptions.

Ca,

(8)

Caz

With respect to the simple geometric relation between the
forces during the climbd

. 27P, 1 )
sz.:_-__
Y capax Ca,
or > (9)
e, =28 9%
=Y G ocap g .
Ca, T J

It new follows from Figure 4 that the loss from the transi-
tion arec equals just half of the transition distance s,
since the airplane is then climbing. We can make the cal-
culation as if the airplane, immediately after leaving the

ground, were climbing at the angle ¢, if we add a lost
distance
s ' = oL 1 A .. S (10)
¥ Capaz ~ Cay Y% Camax _
Ca,
to the distances s; and s3.

The climbing distance

from the ground to the altltude

h, according to Figure 4, then becomes
h ~ h G
1 = & _—
S3 tan @ sin @ P, (11)

Formula (10) is also guite
Planes with respect to thei
The greatest effect on the
- difference  cg4 -~ Cph. e

. @max. 1

for increasing the 1ift can

S

helpful in the designing of air-~
r take~off characteristics,

distance s, 1s produced by the
lotted wings and similar devices

increase this difference to a

multiple of its normal value and thus make the transition
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; arc very short, as could recently be observed for the air-
planes participating in the European circuit flignt »

e TR

IV. NONDIMENSIONAL THRUST DIAGRAMS

1, Bendemannt!s Limit

If it is desired to find a general law for the course
of the propeller thrust, inquiries will first be made re-
garding the physical poss1bilities of the upper limit,

It might indeed happen that the actual thrust curve would
closely follow the theoretical limit in a way similar to
the drag of a wing which differs from the induced drag
only by an almost constant amount,

The relation between the thrust limit and the speed
was indicated by Bendemann, (Reference 3.) In this con-
nection he considers only the axial acceleratien of the
slipstream, where the additional speed and the thrust are
considered uniformly distributed over the wnole cross sece-
tion of the slipstream, Further losses. whbich are occa-
sioned on the actual propeller by rotation of the slip-
stream, finite blade number and profile drag, will be in-
cluded later in a figure of merit., We obtain.the relation
between the "ideal" or limiting thrust S35 and the
flight speed v through the transformation of the two

. well-known exXpressions
n, = 2
a ~ —
1 +V1 + cg
S
cg = 5 id
é-vz Fg

with cbneideration of the circumstance that
Sia ¥

a _..N.

Therefron follows thq 11m1t1ng equatlon for the 1dea1
thrust -

S14° +astvald-zstzﬂe='o'_ (12)

*For unlimited Gam ax in the limiting case, we would have
r = O, This would correspond to a momentary deflection,
such as might be caused by a guide rail with a notch.
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as a function of the flight speed v, of the propeller-
disk area Fg, of the engine power ¥, and of the air
density P, For convenient eValuatlon, we will write egua-
tion (12) im the following form: ' '

2 3
2 P F, ¥ - Sy

v = (13)
2. Nondimensional (S,v) Limiting Curve
Equation (13) can be eésily made nondimensional.
For greater clearness we introduce
2.1/3
(2 P Fg N°) = St (14)
and then obtain the expression
S. 3
1 - (=38)
v &8 = A5 (15)

The left side of equation (15) is a nondimensional func-
tion of the speed; the right side, a nondimensional func-
tion of the thrust. In order to make the physical rela-
tion clearer, it is temporarily assumed that the power in-
cluded in the propeller disk is independent of the spced.
Then equation (l14) is the well-kmown Bendemann expression
for the limiting thrust on the torque stand (Sid/S'),

that is, the ratio of the limiting thrust at the speed v
to the limiting thrust on the torque stand. The thrust
function drops from 1 to O when the speed fungtion in-
creases from O to «, (Fig. 5.)

When N is constant, the abscissa represents the
speed and the ordinate the ideal thrust. If, on the con-
trary, N depends on v, then the two axXxes no longer
strictly represent this simple relation., We will see lat-
er, however, that N 1is generally sufficiently constant
in the range of operation of actual propsellers,
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3« Introduction.of Experimerntal Valugs

Moreover, the experimental valves of actual propel-
lers can be introduced into this scheme., It is only nec-—
essary to substitute the experimental thrust 5 for the
limiting thrust Sj3. The two coordinates then receive
the following designations..

. I
st (2 P Fg W23 / N |
—— . - = e ) =

v N v N ' v \2 P / 2 I
. . (16)
— = . - . — Z
X (2 p 75 W2)Y/3

It would be very inconvenient, however, to calculate the
speed coefficient ® and the thrust coefficient 3 with
these formulas, Hence we introduce the coefficients kg,
k3, and mn into formula (11) and obtain

@ _ )\' -i\‘l/:B _ (i\l/a —\‘
. kg ey N\ 2
Z = (2 kd>z/3 - ,n "\ 4 /"

The abscissa therefore behaves like the reciprocal of the
third root of the performance factor ¢}, while the or-
dinate is of the form cg/cw2/3 and therefgre corresponds
to the well-known coefficient of climb,

The experimental values can be very easily trans-
formed by calculation with formulas (17) for our diagram,
For further facilitetion the corresponding formulas for
the evaluation of the American W,A.C.A., experiments are
given :

_ v 1/3 - ,
@ = 1.16 Y= cp* o -
2‘ =. 0.86 CT/GPE/_a : | : | j .‘

An example is given in Figure 6. The axial effiqiency'j
Mg 1s plotted as the product of ;4 and the correspond-
ing ¢®. Moreover ¢ % = m holds goeod for every point

of the field according to formulas (17).
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Lines of constant efficiency (nfree) are plotted,
These show the efficiency it is possible to attain with
the individual propellers. The gquality of the propel-
lers under given conditions of operation is measured by
the degree of approXximation to the limiting thrust, A cri-
terion for this is the Bendemann figure of merit,

= S o e _
¢ 5 Ta (18)

Air propellers can thus be compared and evaluated, 1In the
most different propellers (of course, only good ones), ¢
is found to be remarkably constant. In the most important
range of operation, it has a value of 0,88 to 0,89, It
grows worse, lhowever, on approaching the condition & —0,
For this reason it is not possidble in take—~off calcula-
tions to use the curve of the ideal thrust as the basis

of an approximation,

4, Revolution Speed and Engine Power

If it 1s at first assumed that the engine power is
constant, i.e.y independent of the revolution speed, then
the latter .(n), according to the universal law of simil-
itude (M. Schrenk, loc. cit.) for otherwise given dimen-
sions, is proportional to the third root of the effective
torque kg. The revolution speed for every propeller and
every operabing condition can thus be easily determined
from the corresponding kg curve., If the engine power
iz a function of the revolution speed, it was shown by M.
Schrenk that two approximations for the =n,N curve make
it possible to determine satisfactorily the relations in
the whole practical range, namely,

¥ ~ nl’/? N ~n

With the aid of the law of similitude, these values can
be easgily introduced into formulas (18) by substituting
for the variable engine powgr a constant value, waich is
defined by a definite operating condition, e.g., the
torque stand. For the law of the roots we then have

. s, F I‘T 1/3 w 1/317{ 1/15 N
6=v(20ztg®) = v {2 p S -
N o W/~ \ Yo, kaq/
5 > (19a)
% o= S e = 5 /kilz/ls
' : e 173 T
7 N\ 1 Y,
(2 P Fy o 3_(\%;/, ) (2 P Fg XN,°) kq g
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If it is now considered that, adcbrding to Figures 8-10,
the effective torque kg geqerally varies in the prac-

" tlcdlly important region by only . *20 t¢ 25-per.cent,

tne effect of the variation in the effect ive torque on
formulas (19a) is then so small tuat it can be dlsrebard-
ed for practical purposes,.

. If,‘on the contrary, the engine power follows the
revolution speed (constant torque)* the coordinates become
=y

' 1/3 P_\1/3 . % 1/6
- d . s\ a
@-v(g PNO | -v(?:PN°/ dey
_ ' o . \1/3 >
S s g N30
T o= - 3 = . ’\kd N (19b)
(z P Fg Ny Yo, ) (3 P Fgq W,°) -

-

In this case, for any fairly accurate calculation, the ef-
fect of the revolution speed on the ocutput can no longer

be disregarded, The veloclity coefficient and thrust coef~
ficient of Figure 6 no longer represent any linear func-
tion of the velocity and thrust, which is inconvenient

for flight ealculations, This situation can be improved

by introducing new veloclty and thrust coefficients through
division by the corresponding kg functions.

o (4/kd)l/3 _ RYEY )
@«:(k/k e ”Bzv\zpiv)
a/kq,) (kd/kdo) o
» : ‘ 2/3 = - :“ | ?H(ZO)
DI z - 1:8'/ (de) . - 5. .
(I:d/kd )1/3 (kd_/kdo)l/a (2 P F.s. Nog)l/a

W

*Thig is the assumption in the treatise on variable-pitch
propellers published by Reissner and Schiller in the 256th
D.V.L. Report (Z2.F.M., Vol. 22, 1931, FKo. 18, .pp. 501 557,
and D.,V.L, Ygarbook, 1932}, There the nondlmedsional co-
efficients (1/cg)?/? (with a constant factor) and g/ka
are usod, For the purposo of tiatl representztion, there
was to be followed, above all, the effect of the variation
of the propeller pitch on the tarust at constant torque,
variable speed, apd at any revolution speed (preferably
constant)., - -
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With ¢' and Z' the coordinates of the gemeral thrust
diagram (fig. 5) at constant engine torgue again receive
the signification of velocity and thrust, The reference
power N, is the engine power at the torque-stand r.p.m.
of the propeller,

Graphs. of this kind are practical when there is much
calculation to be made with engines of comnstant torgue.
They are not necessary, however, for take-off calcula-
tions, since allowance can easily be made for the varia-
tion of kg in this region by adopting a mean engine out-
put.,

V. STATIC TERUST

1, Lack of Experimental Results

The W.,A.C.A, data used in this treatise (there being
no German data available) lack in one particular; the
static thrust is nowhere given. This is probably due to
the fact that the torgue-stand conditions can never be ob-
tained in a wind tunnel with circulation, since, with the
blower stopped, the propeller generates its own relative
wind, In future tests the results should be supplemented
by a measurement of the statie thrust with the same pro-~
peller and arrangement, but outside the wind tunnel.

The British data (reference 4), which are not in-
cluded in this report but which have also been investi-
gated, are distinguished by a systematic choice of propel-
lers and also include the static thrust. Nevertheless,
due to their unbelievably high figure of merit ({, wup
to 90 per cent), these static-thrust data cannot be used,
because they were apparently obtained in a closed wind
tunnel, From Figure 7 it is obvious that the inflow to
the propeller is completely changed by the walls of the
tunnel.,

The flow conditions on the torque stand were largely
determined by the experiments of Bendemann and Schmidt.
(Reference 5,) Glauert and Lock arranged the results of
their investigations, as established for the point A = 0O,
in a conprehensive picture of the course of the flow at

.any positive and negative coefficient of advance and
thrust, (Reference 6.) From this it follows that, for
propellers which work at a small positive or negative
coefficient of advance; the air flows in from all sides
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with the formation . of a. sort of .vortex ring. It is the
lateral inflow which has hitherto resisted all atteupts

to develop a rational theory of - the propeller.on the. . .
torque stand Probably it is a2lso responsible for the
previously mentioned decrease in the figure of merit, even
in cases where the angle of attack of the blade is still
below the critical point with respect to the inflow, and
therefore the flow past the blade has probably not .yet be-
come detached, If this inflow from a2ll sides 1s prevent-
ed by conducting the air between walls, the flow pwcture
is smoothed out, thus corresoondingly increa81ng the fig-
ure of merit,

2. Quadratic Extrapolation

There is therefore nothing else to do but to extrapo-
late the static turust from the American data., In order
to procecd systematically, it was assumed that the thrust
coefficient is parabolic in the vicinity of zero coeffi-
cient of advance. This assumption was also warranted by
the use to be made of it.

In order to facilitate the parabolic extrapolation,
the test values were plotted against the square of the
coefficient of advance. (Figs. 8-10.) The small piece
between the last test point and the zero coefficieht of
advance was rectilinearly extended for the thrust coeffi-
cient, For the effective torque, on the contrary, the
curves were extrapolated according to their general course.
Naturally such a method may raise certain doubts, It ap-
pears, however, to be accurate encugh for the purpose* .
and yields, moreover, .too low rather than too high static-
thrust values, thus affectinv the calculat1on .on the safe
side. Of course it would be better if measured statlc—_
thrust data were avallable. :

3. Static-Thrust Figure of Merit

From these test results the static-thrust figure of .
merit ' '

oy

e

*From the facf that, for the calculation of'tne ground run,
it is integrated over q, it follews that the cond1t101
in the vicinity of ‘0 does not matter much, o
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; kso 'ch

= : = 0486———r

© T [ xa,)e7 Cp 27 (1)
can now be calculated, Since, according to Section III,

the static thrust is necessary for the take~off calcula-
tion, the static-thrust figures of merit must be specially
deternined, in order to provide a basis for the approxi-
mate calculation., Lacking a rational theory of the static
thrust, which would determine the effect of the propeller
shape, one is left in doubdt as to what parameter the stat-
ic-thrust figure of merit should be plotted against. It
can be safely said only that the flow will separate at too
high a blade angle, Since the blade angle, however, de-
pends on the pitch ratio H/D, +this should be chosen as
an independent variable. Thus we obtain Figure 11, in
which a. broken line interpolates the Co values measured
on three series of propellers,

The resulting static-thrust figure of merit of 0,74
in the most favorable region im considerably lower than
what is customarily assumed, The comparison of the ground
runs calculated with these low values with the measured
runs, makes it probable, however, that the low values are
correct,

Under the corresponding assumption that {, is probd-
ably constant in the customary region (with otherwise 1likse
eXxgcution) we have, according to equation (16),

So ~ Fsl/s ~ DR/3

Thia shows how much can be gained in the static thrust by
increasing the diameter, whereby large diameter variations
naturally necessitate corresponding variations in the rev-
olution speed, for the propeller to remain in the best
working range.

VI, FLIGHT RELATIONS

1. Thrust and Drag against the Dynamic Pressuré

Since the take-~off formulas in Section III are based
on the dynamlq pressure, it is also logical to plot the
nondimensjonal thrust curve against the dynamic pressure,
For this purpose, ¢ is gimply squared according to formu-
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las (16) and (17), giving

S ~1/.3 \2/3 z/a ‘ é/a
32\ F © o raNE
= (P ('f?") (; D =G =0 e

Figures 12 and 13 were plotted with this abscissa., Of
course the Bendemann limit also occurs hers, .

"It is now necessary to introduce into this representa—
tion the drag of the given airplane in addition to the the-
oretical calculations. This method seems more practical
than that of plotting the thrust curves in a drag diagram
since, in the first case, it is necessary to calculate and
plot only a single curve but, in the other case, a whole
group.,.

Moreover, the drag curve in normal flight is very
easy to plot, if it is remembered that, according to known
relations (with Cwy, and c¢cy,. as constants), it is com-

posed of a straight line tarough the origin (head resist-
ance) and an equilateral hyperbola (induced drag), which
latter can be easily constructed with a few suboldlary
lines, The deviations of the actual resistance curve from
this ideal curve need to be considered only in the region

of hizgh 1ift coefficisnts (below 6¢).

The drag of an airplane is therefore based on the ap-
proximate quantity S! (equation 14) corresponding to the
ideal static thrust, and the new nondimensional valus is
then obtained for the drag

w : . .
M Fg )3 . {28)

The drag coefficient V¥ corresponds perfectly to I in its
applicatioen in the force diagram. If, for example, we

have TPy, and Wyiy (= €pin G)f' then TFy, = constant

means a definite line through the origin. (ore adbout this
in the next section.). Wyin = constant is a parallel to

the abscissa at the distance

! o Whpsg

min © (2 P Fg Na)

173

At the point of best lift-drag ratic the head resistance
is just half of the total draz. From this we obtain
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B¢ and ge¢. licreover the whple drag curve can be plotted
as a hyperbela according to known methods (HlUtte I).

2. Drag Increase in Slipstrean

"Thus far the procedure has been as though the propel-
ler and airplane were working independently of each otler.
In reality the velocity field of the airplesne disturbs
tlie slipstream, and thse lattoer increases tihe drag of the
airplane,

Generally this phenomenon is summarily accounted for
by deducting AW from the propeller thrust, which is ex-
pressed by the disturbance factor mg as follows:

8§ =AW =mg S (24)

We will calculate in a practical marnner, as though
only the quantity mg S' were present instead of the ref-
erence quantity S'. (Equation 14.) From our diagram we
then obtain :

5§ = Zmg S!
(25)
T = ¥n, S!

We must bear in mind that, according to eg:iation (25) with
the introduction of V = W/ﬂs St e dreag curve is in-
creased by the factor l/ns, while the tirnst curves re-
main unaltered., This nay ssem coufusing at first thought,
but is no more than a change in the scale to save work in
plotting.

3. Propeller-Blade Ratio and Load Factor

Moreover, with the aid of eguations (22) and (25),
we can write

. _ Cs
- - 4

¥ W s
6 4 qmg Fg 4 q Fg

for the lines through the origin. After the transposition
with W/q = Fy we have :



N.A.C.A. Technical Memorandum No. 703 21

Since V¥ and X may be exchanged in the diagram, we ob-
‘tain, with eguations (17) =and (22), B - '
0,25 7= 0.25 5 = Ty Fr © os (26)

- ¥
Lines through the origin _Fi

it

constant) are therefore

lines of constant load factor. The load factor deﬁends
(aside from the disturbance factor mg) only on the area

If the lines for constant FS/Fws are now drawn (figs.

11 and 12), they immediately give a picﬁure of the load
factor at every point of the field. The load factor de-
termines the maximum efficiency. '

In the quantity FS/Fws we find an old acquaintance,

namely, the propeller-blade ratio. It was previously
found that this ratio determined theo load factor for the
best lift-drag ratio. It was

2 Py,

Cq,. = =
Se Te Fs

When it is recalled that Py, = § Fy., the identity of

this expressi on with equation (26) is confirmed., Only egua-
tion (26) is much more general and holds good for any op-
eration point,

In PFigure 14 these relations are illustrated by an
example., The drag curve is determined by

wmin = 0-25

and o
- A
'ns FWS - 4
from which follows Be = 2
The drag curve is plotted as & hyperbols between ordinates
and the given line by Mg %ﬁ = ‘4, Below ©6¢ a mean curve

is added under consideration of the separation phenomenon,
Three propeller curves are plotted for choosing from, The
choice of the right propeller depends on the use and also

on the revolution speed.
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4, Thrust Curves-

"Sijnce the load factor, efficiency and coefficient of
advance are constant along the line through the origin,
such a group of lines can be easily used for plotting the
thrust curves, similarly to the method previously followed
in the (N,v) diagram with the aid of the thrust parabola,
Here the relationship between thrust, engine power and air
density must be taken into conmsideration, which, in corre-
spondence with the formula for the static thrust, thea be-
comes

/ /s 2/
s ~ (p N%° ~ e s (27)

If therefore the engine output is reduced 50 per cent,

€eZes the thrust drops, for the same coefficient of advance,
to 0e52%/3 = 0,63 of the original, All the ordinates along
the lines through the origin are now shortened, in order to
obtain the points for the thrust curve at 50 per cent en-
gine output. ’

Since the present work chiefly coacerns tne take-off,
we will not carry this line of thought furthsr, nor illus-~
trate it by diagrams.

ViI, PRACTICAL EXAMPLE

The above deductions and statements will now be illus-
trated by an example, For this purpose we have chosen
a German sport biplane whose aerodynamic characteristics
were derived from flight-performance data in the previous-
ly mentioned work by the writer. The total take-off dis-
tance up to a flight altitude of 20 m (about 65 feet) will
be calculated, The data for the airplane are as follows:

No = 330 np Py, = 1l.45 m®

G = 1835 kg b3 = 13.6 m

F o= 36,7 m®  €ip = 1/10 (= £(vy, Fyg))
D = 3 m : hs = 0.85

From these values we obtain

ge = 63 kg/m2®  and car = 0480



i .
|
]

N.A.C.A, Technical idemorandum No. 708 23 -

for the flight condition of best lift-drags ratio with a
wing loading of about 50 kg/m?® (10,24 1b./sq.ft.). TFor
Plotting in the nondimensional propeller—thrust diagranm,
the fundamental value of the- o:dinates must flrst be de-

_termined from equation (25).

‘mg S' = 0,85 X 1025 = 870 kg

In the calculation of SV we assume that N = Ng, s1nce
the effect of the variation in the revolution speed. in
taking off is small, Here the ordinate of the minimun
drag is ‘

. ~ min . 0.1 X 1835 _
"'pmin = ns S' 870 O 21

The second place for the drag hyperbola is the line throvgh
the ordinate with

n EE_ = 4,15
s Fug

The intersection of these two lines yields
Be = 1,74

Now the drag curve is plotted (fig. 15) to the right
of B¢ as a hyperbola, and to the left with a rounding
up to contact with the vertical line corresponding to
Capax = le3, Whose abscissa should be 6p3, (the eirplane
in guestion having a profile with a fixed center of pres-
sure)}. On the basis of this complete thrust diagram, we
must first select & particular propeller. OFf the three

. metal propellers plotted, only the one with the 20;4_ ad-

Justment ,* according to the conditions, comes into the
question, since the take-~off thrust rapidly dacreases with
increasing blade angle. This propeller w111 serve as tae
basis for our further con51derat10n.

Formulas (3), (10), and (11) ohOW 2 very. diver31fled
dependence on the determinative quantities Pn, P, and
cal. For the explanation, sspecially of the effect of

*And also an adjustment in its vicinity, whereby the diam-
eter and revolution speed must Ye taken into consideration.
(Section IV, 4.)

~

~ O TTITITT
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the transition arc (s,), the take-off distance will
therefore be calculated for various 1ift coefficients,
whose minimum value (0.8) corresponds to €pin. After in-
troducing the numerical values, the corresponding formu-
las read

- 73000

Ca, Pm

1=

46

w
]
Il

c —
8max Ca,

86700
Pl

1t —
Sg =

In the calculation it is advisable to introduce, in place
of the P wvalues, the nondimensional coefficients 1 =

ﬁgagr , Which can be taken directly from the thrust dia-
gram. Before measuring m, the portion of the thrust
curve between O and 61 is represented by a straizght
line by eye measurement. The ground~friction coefficient
L was assumed to be 0,075,

Figure 16 shows the result of the calculation plotted
against the 11ft coefficient. It is obvious that the
transition arc plays an important role only with 1ift co-

efficients in the viciaity of Capax® Nevertheless, fthe

numerical value of the transition arc can no longer be
disregarded in the best total distance. Here it is about
30 m (98 ft,). The error from using approximation formu-
la (3) for the ground run is small in comparison, being

3 m (10 ft.) at the most,

With the sexacted restraint, the conclusion can be
drawn from the exanple that the best total take-off dis-
tance is obtained when the airplane is lifted off the
ground by the dynamié pressure of steepest climd (maximum
climbing power) and then, after the shortest possible and
yet uniform transition, is brought to a steady climb with
the same dynamic pressure.*

Attention is also called to the fact that no such
good agreement between calculation and experiment can be

*Thig is moreover a long-known rule anmong test pilots,
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expected in the take-off distance as in other flight per-

Mformances notwithstanding the greatest care in the c¢alcu—

lation. Inacéuracies in the assunptions (especially the
effect of the slipstream on tiae drag and 1ift, and the'
ground effect (reference 7), and the pecullarltles of the
individual pilots may cause considerable discrepancies,
With this reservation the test resilts obtained by the
D,V.L. with the calculated specimen are:

Ground run, - | 170 m ( 558 ft.)
Total take-off distance, - 5256 m (1,722 ft.)

The ground run agrees satisfactorily with the calculated

‘distance, On the contrary, the discrepancy in the climd

is striking. It is presumable tkhat the pilot took no
pains to keep this distance as short as possible.. The
discrepancy may be very great, especially in the transi-
tion stretch, when flown at too small a coefficient of
1ift, . . : ,

VIII. SUMMARY

The take-~off consists of three parts: ground run,
transition arc and climb to a given altitude, all three
parts being taken together and calculated as a unit. The
flight condition for the mianimum ground run is obtained
directly from the force diazram, A special consideration
shows that the shortest total distance is obtained, when
the lift—-off is made with the 1ift coefficient of the
climb and the transition arc is flown with the maximum
lift. Under the conditions the total take off dlstance
8 1is calculated from the formula ‘

¢ ¢ 1 P, 1
Pn-Y F cq, Y F Caax ~ CBy .

T8 = + h jt'
Py

The importance of the 1nd1v1dua1 alrplane character—
istics (weight, accelerating force, wing area and 1ift .
coefficient) for the take~off distance proceeds directly
from this extremely simplified formula, The ground run
is the product of the take-off speed and the ratio of the
accelerating force to the wsight. The effect ‘of ~the wind
during the ground run is nearly proportional to the sguare
of the air speed, The importance of the transition arc
increases with the cl1mb1ng power and decreases as the
excess 1lift increases. : ' : :
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For calculating the accelerating force Pp and the
climbing power F;, a new nondimensional thrust-pressure
diagram is developed, containing a theoretical upper lim-
it for the thrust which greatly facllitates the search
for the best propeller., In this connection the static
thrust is more carefully considered., The Aleyrac assump-
tion of a rectilinear course of the propeller thrust with
respect to the dynauic pressure can be retained, since the
actual thrust curve in the take~off region (but only in
this region) can be closely approximated by a straight
line. The static~thrust figures of merit to be introduced
in this connection are considerably lewer than the cus-
tomary values. It is further shown how the drag curve
easily conforms to this form of presentation., In this
connection remarkable theoretical conclusions were reached,
which, however, could only be considered briefly. .

Lastly it is shown by means of a numerical examole
that the best 1ift coefficient for the take-off and eclimbd
are about the same as for the steepest climb, At still
higher 1ift coefficients the effect of the transition arc
is preponderant, Such higih 1lift coefficients de not, how-
ever, come into the question on account of the danger in-
volved, so that it may be salid that.  the minimum practical
take~off speed generally yields the shortsst take-off
distance, if flown steadily.

Beyond the scope of this paper, the work indicates
ways to a general force diagram, which malles it possible
to get a clear conception of all the phenomena of turot-
tled and of unthrottled flight,

Translation by Dwight M. Miner,
NWational Advisory Committee
for Aeronsautics,
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Figure 1.,-Force diagram for talke-off. Ia order to
develop the forrmula for the grouand run,
the forces are plotted against the dynauic pres-
sure. Ground friction and air resistance are de-
ducted before integration. The accelerating forces

determinative for the take-off lic in the hatched
arca.

1C

-

1
|
i
|

- " -
hs ’ -
8 - 74
6 —— = "
4 4 -
/0 e
2 __“_-:;74;,.._
Q b= -
1 2 Z

P,/By

Figure 2.-Correction for formmla &. PO/Pi lies
mostly under 2.
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Figure Z.-For calculating the minimum ground run.
The maximum accelerating forces and con-
sequently the minimum ground run is obtained by a
tangent of R on the drag curve. The cross-hatched
0 . .
area or AP, represents the thus-obtained incr&ase
in the accelerating force.
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Figure 4.-For calculating the transition arc. The

transition is assumed to be the arc of a
circle. The loss from the transition arc is repre-
sented by a subsidiary distance sp which corresponds
Yo a climbing distance of sé.
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Figure 5.-Bendemann limiting curve for thrust in

nondimenszional representation. S corre
sponds, in the use of engine power on torque stand,
to the Bendemann ideal static thrust.
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also plotted through the origin.
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Figure 14.-Comprchensive
force diagraia. The ailr-re-
sigtance curve is deter-
—.|mined by the. ordinate of
the minimum resistance and
“Iby the straight line which
~4represents the agympitotic
“1load factor. The load
‘Ifactor for the best L/D
Jratio is just twice as
great., '
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Figure 15.~Thrust and resistance curves for the exomple. The hatched
area again determines tie ground run. In it the propeller—
thrust curve is represented by a straight line,
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